The inplane transient problem for a linear inhomogeneous elastic thick plate with the weak inhomogeneity is handled. We assume the linear inhomogeneity in which the phase velocity linearly changes along the thickness direction of the plate. First, using the Cagniard method which analytically caries out the Fourier-Laplace double inversions, the analytic solutions of the transient response for the inhomogeneous half space are deduced, and the numerical results are obtained for stress components considering redistribution of the reflected energy for P and S waves and the method of images obtaining the reflection of a couple of P and S waves at the boundary, the reflection responses for the homogeneous elastic thick plate are calculated. The transient response for the linear inhomogeneous thick plate can be accurately obtained by the layered model of the homogenous layer. Finally, relating these results to the Rayleigh wave and the Head wave, the whole aspect of the transient wave propagation for the inhomogeneity is clarified.
Introduction
When we observe the global environment such as ocean, ground and atmosphere, and the typical materials such as shell, bamboo and fang, we understand that these media naturally and significantly consist of the inhomogeneous structures of the density and rigidity. Since there are many requests from the industrial side, the inhomogeneous structure is generally studied by many researchers of the fields of biomaterials, optics and other engineering with the purpose of relaxation of thermal stress and energy transformation. Furthermore, these researches advance, it's been possible to create the industrial product which over two contradictory elastic properties are continuously and functionally built in one material. The thin layered functional graded material made by the PVD and CVD technologies has been generally used. Most of more advanced materials such as the artificial bone and the spacecraft cladding will become inhomogeneous in the future. Therefore, the establishment of the theoretical and experimental strength evaluation technologies of these materials is desired. When the elastic body made up of the inhomogeneous structure is taken up as an object of the transient boundary value problem, it is rational to catch for us as a composition structure in which the phase velocity of the material continuously changes in one direction. Here, we consider the transient problem for the inhomogeneous elastic media. As we historically survey the research of the wave propagation for the elastic body, the classical analysis was given by Lamb [1] who treated the problem applied the surface normal line source for the elastic half space. The exact solution of this problem was developed by Cagniard [2] and the substantial simplification was provided by de Hoop [3] . From the viewpoint of the earthquake research, Ewing et al. [4] and Brekhovskikh [5] studied the wave propagation for the elastic layered media. Miklowitz [6] and Pao [7] gave the excellent insights for the transient analysis of the elastic plate. The papers of the transient response for the inhomogeneous elastic body can be found in Refs [8, 9, 10, 11] . When we consider the inhomogeneous structure of the elastic body, it's rational for the mathematical model that the phase velocity of SH wave continuously changes along the unidirection of the material. Author [12, 13] handled the exact analysis of the SH transient problem for these inhomogeneous half space. In this report we exactly analyse the transient responses of the stress and displacement components for the inhomogeneous elastic thick plate subjected to the inplane impact load on the free surface. The phase velocity of P and S wave linearly changes along the thickness direction of the plate. Initially, we consider the Lamb's problem for an inhomogeneous elastic half-space with the weak inhomogeneity. In order to solve this problem, it is necessary to define a pair of the potentials for the separation of the wave equation. Introducing the scalar and vector potentials φ , ψ which coincides with the infinitesimal deformation of the inhomogeneous wave field, we can deduce the separate two wave equations represented by these potentials. For this elastic half space, we assume that the Lame's constants of the material have an inhomogeneous characteristics. The closed form exact solutions is obtained by the application of the Cagniard inversion to the Fourier-Laplace double transformed solutions deduced from the constitutive equations and the boundary conditions at the free surface. Therefore, we can get the stress components
, the strain energy U , and the displacement components v u , represented an integral form of the stress, as the analytic solutions for the inhomogeneous halfspace. For the inhomogeneous elastic plate, we examine the transient wave reflection problem from two free surfaces of the plate on the basis of these analytic solutions, and we apply the method of images [14] considered the boundary conditions at the reflection interfaces. The numerical calculation is carried out by the superposition of the analytic solutions. Finally, we examine the energy redistribution [15] to the P and S reflected waves which coincide with the reflection responses deduced from the Snell's law, the coupling of the Head wave, P and S wave at the reflection wave interface, and the contribution to the wave field of the Rayleigh surface wave, the 
Analysis
The inplane transient problem for the linear inhomogeneous elastic thick plate is investigated. In this plate, the phase velocity linearly changes along the thickness direction. Since it's difficult to solve directly this problem, after analytically solving the inplane transient problem for the inhomogeneous half space by the Cagniard method, we numerically calculate the reflection response of the transient wave for the plate by using the method of images coupled P and S wave at the boundary.
Formulation and basic equation
We consider the transient problem for the linear inhomogeneous half space subjected to the impact line load on the free surface 0 = y at time 0 = t as shown in Figure 1 . Therefore, the deformation is plane strain and the displacements u and v are not depend on the z coordinate. The displacement-potential relations are (2) where, 1 by η = + (3) b is the inhomogeneous parameter, u and v are the displacements in the x and y directions, and Φ , Ψ are the scalar and vector potentials, respectively. The stress components are 
Lame's constants of x and y directions are considered to have a linear inhomogeneous anisotropic structure, so that 
where ρ is the mass density of the material.
Substituting Eqs. 
For the inhomogeneous half space Eqs. (13), (14) reduce to the wave equations
By how to choose the b value, the inhomogeneity varies from the weak side to the strong side. Here, considering the case of 1 ≪ b , we neglect the second term of the left side of Eq. (18). Therefore, y coordinate variable and the inhomogeneous parameter b appear only in the inhomogeneous variable q. Furthermore, in Eqs.
, and the q value monotonously increase for the monotonous increase of the y value. Here, considering the weak inhomogeneity and replacing the (x,y) Cartesian coordinate with the (x,q) Cartesian coordinate, we analyse this transient problem for the inhomogeneous elastic half space
Transient analysis for inhomogeneous elastic half space
We consider the transient analysis for the inplane deformation problem which the impulsive load acts on the free surface of the inhomogeneous elastic half space as shown in Figure 1 . The wave equations represented by the potentials are 
The boundary conditions are ( ) ( ) ( )
The initial condition are
Two pairs of the integral tranforms are defined as follows
The Fourier integral transform is
The Laplace integral transform is
where Br of Eq. (29) The Cagniard method 〔16〕is applied in order to obtain the exact solutions from the Fourier Laplace double transformed solutions. Then we finally obtain the following exact solutions in the (x,y) coordinate system for the stress components and the displacement components ( ) 
Re yy 
Transient analysis for homogeneous elastic thick plate
We consider the inplane transient analysis for the homogeneous elastic thick plate as shown in Figure 2 . Since the coordinate q used for the inhomogeneous analysis represents the logarithm of the coordinate y, the obtained transient responses are not correct except for on x and y axes even if b«1. Since the relationship q and y is nonlinear, the radius from the source to the calculation point is represented in the smaller radius in case of b>0, and in the larger radius in case of b<0. In the reflection analysis of the transient wave for the elastic plate, two responses of the incident wave and the reflected wave accurately do not agree at the reflection boundary. Then, we first try to calculate accurately the reflection response for the homogeneous elastic thick plate by using the method of images. When the inplane transient wave impinges the free boundary of the elastic body, the incident wave is divided into P wave and S wave. The wave reflection by the Snell's law is shown in Figure 3 (83) We can show the aspect of these reflections as shown in Figure 4 , and the wave ray increases two at one reflection. For the first layer from the top the wave rays are the direct waves from the source, for the second layer the wave rays are the 1 time reflection waves and for the third layer the wave rays are the 2 times reflection waves. Folding on each horizontal line, the transient response for the elastic thick plate is represented as shown in the upper figure on the right. On the actual impulsive reflection response, the relationship between the incident wave and the reflected wave is based on the Snell's law, the correspondence of the reflected wave to the incident wave is established at the calculation point. Next, we examine how the energy of the incident wave will be distributed the reflected P and S waves. The incident angles for P wave and S wave are 0 0 S P ,θ θ , respectively. P and S waves reflected from either incident wave are formulated by the Snell's law, we can obtain as follows For the incident P wave 
Reflecting one incident wave ray at the boundary, it's divided into P and S wave, and the total transient response can be expressed by the superposition of these waves. The propagation aspect for several wave fronts is shown in Figure 5 .
Reflection analysis for inhomogeneous elastic thick plate
As shown in the previous section, since the wave front of the transient response for the inhomogeneous elastic half space is not accurately depicted except for on the x axis or the axis. Therefore, the discontinuity occurs at the boundary and it becomes difficult to express the transient response for the inhomogeneous elastic plate with the reflection boundary. If we consider the inhomogeneity which is expressed as the thin homogeneous layered laminate model, this discontinuity of the response in the numerical calculation does not occur, but it becomes difficult to satisfy the Snell's law at the boundary. But, we can obtain the response for the inhomogeneous plate by the numerical processing scaled up or down the y coordinate of the response for the homogeneous plate. The shape of the wave front is determined by the b value in the linear inhomogeneous plate, here, we define the inhomogeneous coefficient , the shape of the S wave expressed by the analytic model is smaller than the accurate one for the layered model. Therefore, the numerical calculation for the inhomogeneous elastic plate is carried out by the 100 homogeneous layered approximation.
Numerical calculation
In the analysis of the linear inhomogeneous half space, the material composition of the free surface is the fundamental values, we use Al 5052〔17〕and we consider that the P wave phase velocity is Here, we assume that the phase velocity ratio of the P and S wave is constant and does not change for any inhomogeneity, and the wave front reaches x coordinate position 0 1. x = on the free surface of the half space at time 0 1. t =
. By this assumption, the generality is not lost. 
Conclusion
The Cagniard method established as a technique of the exact analysis of the inplane transient problem for the homogeneous elastic half space, was applied to the problem for the inhomogeneous elastic half space with the weak inhomogeneity. Deciding the potentials which expressed the displacement for the linear inhomogeneous elastic material, we obtained the exact solutions for the transient responses. The numerical result of the stress components , the strain energy U and the displacement components v u , were obtained from these deduced analytic solutions. In the case of the weak inhomogeneity, the calculated response for the analytic solutions are almost correct, even if in the case of the strong inhomogeneity, we could accurately calculate the transient response by using the 100 homogeneous layered laminate model. Furthermore, we incorporated the method of images, using Snell's law which clarified the coupled reflection of P and S waves at the boundary of the plate, into the reflection response calculation algorithm and discussed the wave propagation including Head wave and Rayleigh Wave. Finally as a result of these wave propagation researches for the inhomogeneity, we could show that the transient response of the inhomogeneous thick plate was obtained from the transient response of the homogeneous thick plate.
